Instabilities Toward Charge Density Wave and Paired Quantum Hall State of 

Half-Filled Landau Levels 
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We study the stability of spin-resolved Landau levels at electron filling factor ;/ = n + 1/2, where 
n is a positive integer. Representing the half-filled topmost Landau level by fermions and the n 
filled inner Landau levels by n bosons, coupled to the Chern-Simons gauge fields, we show that the 
ground states exhibit charge density wave order for n(n -1-1/2) > 15.54(7rag^)ne, where Tie is the 2D 
carrier density and a*g is the effective Bohr radius. We find that the pairing interaction mediated 
by the fluctuating gauge field is enhanced near the charge density wave instability such that p-wave 
pairing of the Chern-Simons fermions prevails for 3.49(7ra^^)ne < n^(n + 1/2) < 20.22(7raa^)ne. 
The competition between charge density wave order and paired quantum Hall state is discussed in 
connection to recent experiments. 



PACS numbers; 73.20Dx,73.40Kp,73.50.Jt 

The physics of a sufficiently clean two dimensional 
electron system in strong perpendicular magnetic field 
has been highlighted by its correlated many-body ground 
state of profound origin known as the fractional quantum 
Hall liquid 0] . Recently, it has become evident that a dif- 
ferent family of correlated ground states emerges when 
the Landau level (LL) filling factor is centered around 
V = n+ 1/2, n — (0, positive integer), corresponding to n 
filled inner LLs and a half-filled valence LL. For v = 1/2, 
an anomalous "metal" state has been known in which p^y 
is not quantized and pxx shows a shallow minimum |^ . In 
sharp contrast, quantized Hall plateaus in p^y and a low- 
temperature activation dominated pxx has been observed 
at J/ = 5/2 |^,D, indicative of an incompressible quantum 
Hall state. Most recently, it has been discovered that be- 
yond the second LL (n > 4), the low-temperature mag- 
netotransport becomes highly anisotropic and nonlinear, 
the strong resistance peak turns into a deep minimum 
when the current direction is rotated by 90 degrees . 
The anomalous anisotropic transport can be interpreted 
as a manifestation of a spontaneously broken orientation 
symmetry in the ground states at — 9/2, 11/2, 13/2, ... 
10,^, such as in a unidirectional charge density wave 
(CDW) state, which has been predicted to occur in higher 
LLs by the Hartree-Fock theory [p|jic|] and numerical di- 
agonalizations ]rT[ |. Experiments have shown that the 
isotropic incompressible quantum Hall state at = 5/2 
is destroyed when a large in-plane component of the mag- 
netic field is present, taking its place is a state with 
highly anisotropic resistances similar to those observed 
in higher LLs . That these ground states are close 

in energy are further supported by numerical calculations 
using various interacting potentials 0,11^ . 

In this paper, we study at zero-temperature the ground 
state stability of the half-filled LLs by a generalization of 
the fermion Chern-Simons (CS) theory of Halperin, Lee 
and Read (HLR) ior v = 1/2 ^ to v = n + 1/2. In the 
theory of HLR, electrons in the lowest LL are represented 
by fermions bound to two flux quanta through the intro- 



duction of the statistical CS gauge field. Uniform smear- 
ing of the flux in the direction opposite to the external 
field leads to a meanfield metallic state in which the CS 
fermions experience zero effective magnetic field. Using 
this as the starting point, a CS Fermi liquid coupled to 
strong gauge field fluctuations has been formulated and 
shown to correctly describe the longitudinal responses at 
ly ~ 1/2. Naturally, one would like to understand the 
ways by which such a Fermi liquid-like state could be- 
come unstable due to residual quasiparticle interactions 
mediated by strong gauge field fluctuations. For exam- 
ple, a p-wave BCS-like pairing instability ||l^ of the CS 
fermions would indicate the tendency towards the for- 
mation of incompressible paired quantum Hall state |l^] 
of the type proposed by Moore and Read More- 
over, a unidirectional CDW instability would give rise to 
a state with spontaneous rotational symmetry breaking 
and anisotropic transport. 

While no evidence has been found for such breakdown 
of the CS Fermi liquid at = 1/2 (n = 0), we show 
in this paper that both CDW and p-wave pairing in- 
stabilities exist in higher LLs (finite n). The basic rea- 
son for the emergence of these instabilities is the mu- 
tual screening of interactions between electrons in the 
filled inner LLs and in the half- filled valence LL. It pro- 
duces an effective interaction between the CS fermions 
that differs from the Coulomb interaction at finite q and 
can become attractive at short distances. We calcu- 
late the density-density response and show that the CS 
Fermi liquid becomes unstable towards a CDW state for 
n > 7.77(a|j/;s)2, i.e. n{n + 1/2) > 15.54(7ra|j^)ne, 
where a*^ is the effective Bohr radius, Ib is the magnetic 
length at V — n + 1/2, and Ug is the 2D carrier density. 
The onset of the CDW instability occurs at a wave vector 
Qc = 2.Ala*g/nl'^. Close to the CDW instability, the pair 
interactions are enhanced by the strong fluctuations of 
the gauge field at finite q~ qc- We find that the CS Fermi 
liquid becomes unstable towards a p-wave paired (quan- 
tum Hall) state for 1.32a|j/^_B < ?i < 2>.l8a*g/lB^ i.e. 
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3.49(7ra|j^)ne < n^{n + 1/2) < 20.22(7ra|j^)ne. Taking 
a*s ~ lOOA for GaAs and = 2.7 - 3 x lO^/cm^, these 
results predict a CDW instability for n > 4 > 9/2) 
and a p-wave paired quantum Hall state for n — 2 
= 5/2) in remarkable agreement with experimental 
findings iJ. ^ 

We start by writing down an effective theory at v = 
n+1/2, in which the electrons in the n filled lower LLs are 
represented by n boson s and those in the half-filled 
valence LL by fermions |16|, coupled to the statistical CS 
gauge fields. The physical picture is that the electrons 
in each of the filled LL form an independent incompress- 
ible state which will be described as a condensate of the 
bosons. Excitations above the condensate will have an 
energy gap Tiujc- On the other hand, the electrons in 
the half-filled topmost LL form a compressible CS Fermi 
liquid supporting low-lying quasiparticle excitations and 
gauge fluctuations. The Lagrangian density is given by 
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xVir- r') [{^ir'Mr') + ^ 0, (r')0, (r')] • (4) 



Here ip, ip and (f>i,(t>i, I = 1, . . . n are the CS fermion and 
boson fields respectively, m = 0.067me is the band mass 
in GaAs, and A is the vector potential for the external 
magnetic field . We work in the Coulomb gauge where 
the CS gauge fields a and b satisfy diUi = dibi = 0. 
Integration over oq and bo enforces the constraints on 
the 2D curl (A) of the gauge fields. 



V A a = e'^d.,aj = -27r6'ai/^(r)V'(r) 
V A bz = e'^d,b,^i = -2TTeb4>iir)(biir), 



(5) 
(6) 



which correspond to attaching 9a (even) flux quanta to 
the fermions and 9h (odd) flux quanta to each component 
of the bosons, turning them back to the original electrons. 
For 9a = 2 and 9i, = 1, the external magnetic field is 
canceled out exactly by the vacuum expectations of the 
statistical fiux in Eqs (g) and ^ . Thus at the mean-field 
level, both the CS fermions -0, having a filling fraction 
Vip = 1/2, and the CS bosons 0;, having v^^i = 1, see 
zero total magnetic field. The electron filling factor is 
given hy 1^ = J2i ^<t>,i +v^^n + 1/2. 

The electron interaction is described by Ci in Eq. (|^) , 
where V is the Coulomb potential, V{q) = 2-Ke^ jeq. 



For GaAs, the dielectric constant e ~ 12.6. £/ con- 
tains the fermion-fermion and the boson-boson interac- 
tions and, most importantly, the fermion-boson interac- 
tion that couples the topmost and the lower LLs. The 
latter leads to the mutual screening of the interacting 
potential between the CS fermions by the bosons and 
vice versa. A natural question arises as to whether one 
should treat the fermion or the boson sector of the prob- 
lem first. We shall follow a close analogy to the classic 
electron-phonon problem in metals, where the answer is 
known due to Migdal |2^ , and first solve the boson prob- 
lem taking into account the screening by the CS Fermi 
liquid that has no bosons included. Then we solve for the 
screened fermion-fermion interaction using the renormal- 
ized boson properties. In terms of the total symmetric 
boson density operator ps = -^"^iPh pi = 4'i4>h the 
bosonic part of the interaction becomes. 



(7) 



with Vb the screened Coulomb interaction 
27re2/e , , 2716^ 



VB(q,t^) 



g + K(q,Lj)' 



K(q,tj) = 



x°r(q,^), (8) 



where x? j. is the fermion (Coulomb) irreducible density- 
density correlation function derived by HLR. In the limit 
q < 2kf and uj ^ qvf, 



Xi'rr(q,w) 
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The screening of the bare Coulomb potential in the 
lower LLs by the compressible CS Fermi liquid is of the 
Thomas- Fermi type in Eq. (^. The screening length is, 
after making use of Eq. (g), = K~^{q,LO = 0) = 
0^^(1 + 6*^/12) with the effective Bohr radius a*^ = e/me^. 
The fact that Vb is short-ranged turns out to be crucial 
for modifying the effective fermion interactions at short 
distances in the CS Fermi liquid. 

With the screened interaction, we now solve the boson 
part of the problem. Since the bosons see on average 
a zero total magnetic field, they Bose condense into in- 
compressible states, {4)i) = const.. The excitations above 
the condensate can be studied by integrating out the CS 
gauge field b; in Eq. (||) and decompose the boson field 
into density and phase fluctuations, 4>i = ^fpi exp{i9i) 
and pi ~ pi + Spi- Notice that the fermions couple only 
to the totally symmetric boson density fluctuations in 
Eq. (|^) which is the only mode affected by the inter- 
action. We thus perform a unitary rotation on the n 
boson flelds and keep only the totally symmetric mode: 
{6ps,9s) = J2ii^Pii^i)- The resulting effective boson 
theory is given to quadratic order by, 
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piq- 

2m 



,{q,uj)es{-q, -uj) - iuj9siq,Uj)Sps{-q,-uj) 



^^^^6pM,^)Sps{-q,~uj)+£tj, (10) 
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with Cbj given in Eq. (^. The dynamical density-density 
correlation can be obtained from Eq. ([l0|), 

(5p.(q, Lo)5ps{-ci, -u)) = ^-^4^, (11) 



where = + {npi/m)q'^VB{ci,i^), and the cyclotron 
frequency lOc — 2Tr6bpi/m = eBcxt/fn. This mode cor- 
responds to the cyclotron resonance in accordance with 
Kohn's theorem. It is interesting to note that the mode 
disperses quadratically due to the screening of Coulomb 
interaction by the CS Fermi liquid and becomes over- 
damped as seen from Eqs (|) and (|). 

It is now straightforward to integrate out the boson 
fluctuations in Eq. (|l]), using Eq. (pT|), to obtain an ef- 
fective theory for the CS fermions in the topmost LL 
coupled to gauge field fluctuations uq and (5a = a — A, 

£^ff = ^A^k, v){~iv + efej-^^k, v) -f i at(-q, -w) 



(■0V')at(q,'^)at(-q, 



2m 

+ ^ ^ A"(k,q)a„(q,^)V;(k+,w + zy)^(k_,i/) 



1 1 



(12) 



Here efe — k'^/2m — fif, k± = k ± q/2, at(q) = 
ie'^ {qi/ q)5a.j{c\) is the transverse component of the gauge 
field, and the fermion-gauge field coupling vertices 



A* k,q = 

m \ q 



A°(k,q) 



(13) 



The renormalized theory differs from the lowest LL the- 
ory of HLR only in the effective fermion-fermion inter- 
action, the last term in Eq. (p^), where the dielectric 
function governing the mutual screening effects is given 
by, from Eqs (||) and (|ll|). 



e(q,tj) = 1 



{npi/m)q^V{q) 



ojl+'-^q^[VB{ci.uj)-V{q)]-uj^ 



(14) 



with Vb given in Eq. (H). In the limit uj/qvf <C 1, the 
dielectric function behaves as e = e' + iojt" , 



e"{q) = ( ^ 



1 + K ^q + n ^{nl%/a%)q 
l-g(n/|/a|j-K-i) 



ekf{nllla*Bf 



q{nll/a*g 



(15) 
(16) 



As a result of the mutual screening, the effective interac- 
tion between the CS fermions is significantly modified at 
finite q, and becomes attractive at large enough q so long 
as K > a*g/nl^. Notice that one recovers to leading order 
the dielectric function obtained by Aleiner and Glazman 
p2[ from projecting out the lower LLs, which was used 



in the Hartree-Fock studies in the limit k ^ 0, i.e. 
neglecting the Thomas-Fermi screening of the lower LL 
interaction by the compressible CS Fermi liquid in the 
topmost LL. We next demonstrate that the effective the- 
ory given in Eqs (^2|)-(|l6|) produces CDW and pairing 
instabilities of the CS Fermi liquid outside the regime of 
the Hartree-Fock theory. 

From Eq. (^), it follows that the fermion density- 
density correlation function is given by 

Xpp(q,w) = {2n6a)'\^{atici,uj)ati-ci,-uj)). (17) 

To determine the gauge field propagators, Da[}{ci,uj) = 
{aa{q_,uj)ap{~q,~Lu)), we follow the RPA approach of 
HLR and integrate out the fermion fields in Eq. (|l2|) to 
arrive at an effective action for the gauge field, 



ScS = i^^a„(q,tj)i:>^^(q,cj)a^(-q,-w). 



(18) 



where the inverse propagator matrix is given by 



^-^(q,-)=f f "il"^^- I V (19) 

for q < 2kf and uj <^ qvf. In Eq. ( p^ ) 7 = 2n^/kf and 
X(q, w) = (l/247rm) + V{q)/e(a,uj){2nea)^ . The density 
response is then, from Eqs (17) and (p9|). 



Xpp(q,'^) 



e/27re2 



K ^ + [l/qe'{q)] — iej{q)uj/2TTe'^q'^' 



(20) 



where 7(9) = (27r6'a)^7 + q^ >^"iq) / W [q]^ Substituting 
the dielectric functions in Eqs ( p^ ) and ( p6| ) into Eq. (|2^), 
one finds that Xpp(q, 0) may diverge at a finite q = qc, 
giving rise to CDW formation. Near q^, we obtain, 



Xpp(q,t^) 



{q - qcY + A - iA-i{q,)ojlql ' 
where A is a gc-dependent constant and 



(21) 



nil 4^ nll> ' 



The onset of the instability, i.e. the critical point for the 
zero temperature phase transition, is marked by A = 0, 
close to which A — l.71qls/2'Ke'^. When A < 0, which 

happens for n > {3 + 2V2){1 + 91/ 12) {a*^/ 1 b)'^ , the Fermi 
liquid-like ground state becomes unstable and is replaced 
by a CDW state with an initial ordering wave vector 
qc = 2.414a|j/n/^. Since the charge density is related to 
the statistical fiux density through Eq. (||), the system 
becomes energetically more favorable to spontaneously 
condensing the statistical flux into a flux density wave 
rather than uniformly smearing the gauge flux which is 
the starting point for the CS Fermi liquid, making the 
latter unstable. One expects, based on energetic consid- 
erations of this effect when there is particle-hole sym- 
metry in the half-filled topmost LL, that the ordering 
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vector Qc = (0, ±gc), (±9c, 0). As a result of the en- 
hanced (divergent) static susceptibihty near the insta- 
bihty, a unidirectional CDW state in the absence of an 
in-plane field can be induced by a weak sample anisotropy 
which may be born out of the underlying crystallography 
conditions. For 9a — 2, i.e. half- filled valence LL, using 
He = 1^/2^1^, we can rewrite the CDW instability condi- 
tion as n(n -1-1/2) > 15.54(7ra^^)ne. Taking lOOA 
for GaAs and a 2D carrier density rie — 2.7— 3x 10^^/cm^, 
the CDW order emerges for n > A, i.e. for ly > 9/2, con- 
sistent with experimental findings 

We next turn to the pairing instability of the CS Fermi 
liquid towards the paired quantum Hall state. The prox- 
imity to the CDW formation enhances the pair interac- 
tions mediated by the gauge field fiuctuations. The static 
pair interaction in the Cooper channel is given by 

r(k+,k_) = - ^A"(k,-q)i^„Mq)A'5(-k,q), (23) 

where the coupling vertices A are given in Eq. (|l^). In 
the long wavelength limit, the attractive interaction me- 
diated by the current-density fluctuations (Dot) in the 
p-wave channel p8| is known to be overcome by the log- 
arithmically singular pair-breaking interaction mediated 
by the transverse current-current fluctuations . How- 
ever, close to the CDW instability, gauge fiuctuations in 
all channels are significantly enhances near Qc, 



^(q) = 



{q - qcY + A 



/27r \2 



' m qc 

2TT0a \2 



, (24) 



where A and qc are given in Eq. ( p2| ) , and become singu- 
lar as A —> 0. These contributions dominate over those 
in the small q limit and allows the attractive part of the 
interactions to compete, resulting in a pairing instability. 
Within the standard BCS framework, we determine the 
pairing instability by calculating the effective interaction 
averaged on the Fermi surface in the /-angular momen- 
tum channel, 



A/ 



(2 



ffi r 

J d(/j+(i(p_r(k+,k_)( 



(25) 



where ip± are the angles that k-|_ and k_ make with the 
X-axis on the Fermi circle: jk+p — |k_p — kj-. The sign 
convention is such that A/ > corresponds to attractive 
interactions in the Z-wave channel. For our spin-polarized 
case, pairing is only allowed for I — odd integer. In the 
I = 1 p-wave channel, we calculate Ai using Eqs (|23|)-(|25|) 
near the CDW instabihty, i.e. for < A ^ q^. 



Ai 



2Tr'^A ,2k f. 2 



mkf 



'2ki 



(26) 



where we have put Oa = 2. The condition for Ai > 
is thus given by 0.38 < qc/2kf < 0.92 or equivalently 
1.32a^//B < ?i < 3.18a*s/lB- As in the CDW case, we 



can solve these inequalities to obtain, 3.49(7ra^^)ne < 
(ri -I- l/2)n^ < 20.22(7ra^^)ne as the condition for the 
p-wave pairing instability of the CS Fermi liquid and the 
emergence of the p-wave paired quantum Hall states. Us- 
ing the a|j for GaAs and rie = 2.3 — 3 x 10-^^/cm^, we 
find that the paired state is possible within the RPA for 
n = 2, i.e. v — 5/2 in good agreement with experimental 
observations [§|4|. 

We have concentrated in this paper on half-filling LLs 
which correspond to choosing 9a = 2. The same theory 
applies to cases when the electron filling factor in the 
topmost LL is at other even denominator fractions, e.g. 
when ly = n+l/2k and 9a = 2k. Eqs (|l^)-(|2|) show that 
the CDW instability also exists in these flanks of the LL 
where re-entrant integer quantum Hall states have been 
observed experimentally [T^ ]. 
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